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Large N expansions in Quantum Field Theory

Motivation: large N expansions in QFT

We are interested in a (Euclidean) quantum field theory with a global O(N)
symmetry:

InZ((gi)k, N) “=" |n/ [Dgle= ! (Zidit-atm)oriIol?m)a’x
5/(®)

“ |n/ (Dfe ! (Tio-armIor Tisa gl llol) o
5/(=)

w__m Z Hg:k(G)lef(G)A(G)

G k>2

t=" N In Ze((g))
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with E(G) =1— Fmt(G) ar Zkzg(k - l)Vk(G)
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Large N expansions in Quantum Field Theory

Intermediate field maps

Feynman graphs are in correspondence with Intermediate field maps

G<+—gG
Vertex «— Loop Edge
Edge <— Corner
F <— Loop Vertex

= 0G)=1—-LV(G)+ LE(G) = LE(G) — (LV(G) — 1) = loop edge excess (G).
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Large N expansions in Quantum Field Theory

The large N expansion for Matrices ['t Hooft 1974]

e Matrix integral:
280 1/N) = [ Mje~TOE B2

= 3T g ONVO-EEH () 5 )

G k>2

C= SN Z((g))

g>0

e In relation with (discretized) 2 dimensional quantum gravity:

Z(\, G) =" Z [Dg]e_% I veR=20) =, o € (2-28—2AVol(M))

topologies g2>0
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Large N expansions in Quantum Field Theory

Beyond 2 dimensions: the large N expansion for Tensors [Gurau '11]

e For the O(N)-vector models, only one connected invariant: [|¢||*, and for
the O(N)®2-matrix models, one per integer k: TrM.

e For D > 3, there are much more O(N)®” invariants B. They are indexed
by D-coloured graphs.

e Tensor integral:

Z((gs)s,1/N) = /[dT]e*"’LHZw(B):ogBT’B(T)

= SO g2 NO-IVO-EO)+Fi(®) ()
G B

w_n Z NP=“In Z.((gn)B) -

w>0

e The dominant graphs are the graphs such that w = 0: they maximize the
number of faces. They are called melonic graphs.
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Loop Vertex expansion of the O(N) vector model

© Loop Vertex expansion of the O(N) vector model
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Loop Vertex expansion of the O(N) vector model

The quartic O(N) vector model

We define it as a perturbed Gaussian measure (there is no Lebesgue
measure on S’(R?)).

o Let NeN>; and g € {z € C| Rz > 0}:

fdu,N(¢)e-s%||¢\|“F(¢)
[ gy (p)e—Sallol*

e Laplace transform of the measure (partition function with sources J € R"):

E[F(#)] =

1

2(g, i) = [ dun(@)e™ 81 x BT = [ dy ()e= AT

e Free energy (log of the normalisation constant):

W(g,1/N):=InZ(g,1/N;0) = In/d/u,v(qia)e_ﬁ”‘;ﬂl4
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Loop Vertex expansion of the O(N) vector model

Borel summable series and Borel summable functions

o Let A(z) = 3, az" a formal power series.

o If B(t) =2 450 2 ¢k is absolutely convergent in the disk D(0,0 ") and
can be analytically continued to the strip {t : |Jt| < o'} where it obeys
the following bound: |B(t)| < e’ with R > 0.

e Then the series B(t) is the Borel transform of A and the Borel sum of A,
f(z) := 1L(B)(2), is analytic in the disk {z : R < £}.

e A function f(z) analytic in the disk {z : R < £} and endowed with a
(perhaps divergent) asymptotic series in 0 such that its Taylor rest term in
0 is of at most factorial blow up is a Borel summable function.

e They are in one-to-one correspondance: the Borel sums of Borel summable

series are Borel summable functions and the asymptotic series of Borel
summable functions are Borel summable series [Sokal 1979].
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Loop Vertex expansion of the O(N) vector model

Uniform (in w) Borel summability of a function

The Nevalinna-Sokal theorem (1 for f:C%2 = C, (g,w)~ f(g

3 Rg

+ uniform in w bound on the rest:
q—1

fg,w)— > a(w)g"| < CK|z|%q!,
k=0

= f is Borel summable in g uniformly in w.

f(z,w) = §/1R+ e"“(i %tk)dt.
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Loop Vertex expansion of the O(N) vector model

The Loop Vertex Expansion (LVE) [Rivasseau '07]

e A new expansion of the connected correlation functions (logarithmic in the
partition function).

e Relies on the intermediate field transformation:

/ dy e~ FHY = / dua(y) €™

_ZpX%
(X)d"X = / [Tfexnd x,

o
N‘x
|

the replica trick:

/e_é f'(x)dx = /

e and the BKAR formula.
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Loop Vertex expansion of the O(N) vector model

The Loop Vertex Expansion (LVE) [Rivasseau '07]

The BKAR formula [Abdesselam & Rivasseau 1995]

Let f : (x¢)eek, — f(x¢) be a smooth function. We have

F(1) = [H /durar] (W90
FeF, LTeF

where W (v) = W (u) = inf, epr  uw (in particular Wil (u) = 1),
’ i)

deT = H(k neT duy and O = H(k | ETan/
Therefore, if f(X) = ez (XIM) (for us f will typically be e? (X195 C04)y,

f(1) = Z H/dUT H Mk/e2 wiwim’) _ Z HAT.

FeF, TEF (k,)eT FeF, TeF
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Loop Vertex expansion of the O(N) vector model

The Loop Vertex Expansion (LVE)

e The LVE was adapted to the study of a quantum field theory with
multiscale analysis (MLVE).

e Results in the expansion of the cumulants as a sum over trees that is
convergent thanks to the slower proliferation of trees in O(1)"n! compared
to Feynman graphs in O(1)"n!?.

e The outcome is a domain of analyticity and a bound on the rest term in 0.

Léonard Ferdinand Borel summability of the 1/ N expansion in quartic O(/N)-vector models



Loop Vertex expansion of the O(N) vector model

Main results

Theorem 1: analyticity domain of the free energy and the cumulants.

The previous series defines an analytic function of the two complex variables g
and ¢ in the following subdomain of C?:

gle lg] < 31+ cos (o + %)) V/eos (9 — 9)
€= (gaz\aew )6‘52 W qle+vl<m
b -0l <3

At fixed g, the induced analyticity domain in the e-plane is a Riemann sheet,
independent of the modulus of €, and where its argument can evolve in a range
—37" —p<i< 37” — . In particular, as soon as g is non negative, it always
includes a (Sokal) disk of any radius tangent to the imaginary axis in 0.
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Loop Vertex expansion of the O(N) vector model

Main results

Theoreom 2: Borel summability in 1/N of the FE and the cumulants.

This series is Borel summable in € along the positive real axis uniformly in g for
all g in a slightly restricted subdomain of €:

lg| < 3(1+4cos(p+v))y/cos (¥ —0) (1 — a)
Ca=1(g,8)€C’ | W, o+t <m—a
v -0l <7 -«

The cumulants can therefore be computed as the Borel sum of their large N
expansion.
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Analyticity and Borel summability in 1/N

0 Analyticity and Borel summability in 1/N
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Analyticity and Borel summability in 1/N

LVE of the quartic O(/N)-vector model

Let g = |g|e**, € = |e|e*® and ¢ € (—x, 7):
e The intermediate field (interpolation in 1/N [Kupiainen 1980]):

% 1 EE
Z(g,e) = /du/N(qﬁ)e_ £ |g|1* _ /dulN(¢)du1(a)e V2 o g2
_ L InR(VEo.8) _ L InR(o.g) L
—/dul(o)eZ /dlls(U)e2 (R(o, x) : 1_2\/;0)

e To obtain a maximal domain of analyticity define:

Ln 1 2
Zg9)= [, du@e 09 = [y, o)t RS
e

g)

2R

1 T n
= /d//l’e*“bs(o—) > W('“ R(o,e"g))" .
n>0
e Legal change of order of summation and integration:

1 2 n
Z (2¢)"n! / Vv (o)(In R(o, e g))".
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Analyticity and Borel summability in 1/N

LVE of the quartic O(/N)-vector model

e The copies trick:

2e:9) = ggayray [ dvereo(o)inR(o. )y

n>0
1 n o
= Z W / d/'Le*’L’lPaI[(U) H In R(o—( )’ e 1,/Jg) ]
n=0 . =1

e The BKAR formula:

AR Z (28;"11! F; (Z\/E)Z" 9 g|E(Fa)l

n>0

X /duF/due_wst(u)(a)H(d; —1)IR% (6, e g).
i

i=

so that the partition functions factors over the trees =- its logarithm
rewrites as a sum over the trees.
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Analyticity and Borel summability in 1/N

LVE of the quartic O(/N)-vector model

e Mixed expansion of the free energy:

e TET,
« |:e2e“b (9.9 w () H (di — 1)IR% (61, &’ g)]
i=1 o=0
(—g/2"* ‘
- Z onl duTZ 0 Qezw (9, 0w )
n>1 TeT >0

><H — 1)IRY (0 e g)
=5 Zsl InZ(g) .
>0

e This is the 1/N expansion of the logarithm of the logarithm of the
partition function!
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Analyticity and Borel summability in 1/N

Combinatorial core of the proof

Integration over RY < "0 dimensional QFT" = to disentangle analysis from
combinatorics = analysis is trivial (the resolvent R(c,z) is simply bounded by
1/|cos(arg z/2)|, the Gaussian integration by 1/ cos"/? (arge — )).

Combinatorics of the BS of the 1/N expansion: the rest term of In Z is of order

n

(In Z) Z (|g|/2 > (2n—2)2n—2+1)..(2n—2+ 20— 1) [J(di — 1)!

21 . T€Tn choices of the corners where to add the 2¢ half-edges i=1
1< (sl/2)" (n—2)!  (2n—2+2¢—1)! B
D Z .G -1) (21n-3) H(d L

n>1 di,..

>idi 2n 2

(24) 2(n—2)! ) 2n—3\ (2n—3+2¢

! ZU 1/2)" n—1 2n—-3

n>1
~ oy (Klgl)"
n>1
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Summary and outlooks

e The free energy and the cumulants of the quartic O(/NV)-vector model are
analytic in both the coupling constant and 1/N in a domain of the
complex plane.

e If the coupling constant is non-negative and of small enough modulus,
their 1/N expansion is Borel summable along the real axis.

e The next step is to study a QFT, with some renormalisation.

e It should be doable in 2 dimensions, but the LVE was never studied in 3
dimensions.

Zi5.5) :e%(l+2£)cp(0)2/\/d‘ual(o_)efiTrIM(lfi\/nga)fz\/gTr(de)

e What about the large N expansion for Matrices/ Tensors?
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Thank you for the attention!
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