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Constructive field theory?
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It is the branch of mathematical physics which aims at:

One

defining correlation functions as holomorphic functions of the
physical parameters,

explaining the incredible agreement between perturbative
computations and real experiments,

probing universality, computing critical exponents, proving relations
between thermodynamical quantities etc, in a non-perturbative way.

should distinguish between:

Constructive Fermionic renormalization group, well-developped in
particular for statistical physics and condensed matter,

Constructive Bosonic QFT, harder to control, still unsatisfactory
despite its great successes.
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QFT is plagued by many divergences:
1. individual amplitudes are divergent,
2. the number of Feynman graphs grows super-exponentially,

3. the thermodynamic limit might diverge.

But solutions exist:
1. perturbative renormalisation deals with divergent amplitudes,

2. one can express any correlation as a uniformly convergent series (of
holomorphic functions), the general term of which is indexed by a
less proliferating species than graphs (e.g. forests),

3. only connected quantities have an infinite volume limit (e.g. the
logarithm of the partition function).
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Bosonic constructive field theory

A functional integral point of view

® Aim: get some control on connected quantities via the derivation of
tractable formulas for the logarithm of the partition function (with
sources).
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Bosonic constructive field theory

The classical approach

® Aim: get some control on connected quantities via the derivation of
tractable formulas for the logarithm of the partition function (with
sources).

® Relies on:

® an ad hoc discretization of space,
® a partial perturbative expansion,
® the good power counting of the renormalised theory.

® Tools: cluster and Mayer expansions
(which are both a clever application of the Taylor forest formula).
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The BKAR forest formula

A botanical prerequisite

® Fix an integer n > 2.

® f a function of w real variables xy, sufficiently differentiable.

® K,, complete graph on {1,2,..., n}. #E(Ky) = ”(”2’1)

Then,

f(1,1,...,1) = Z/dW]-‘a]-'f(X]:(WJ:))
F

where
® the sum is over spanning forests of K,
o Jdwr =TIlicer fol dwe,
* 0r = Lice(r) BixZ’

* X7 = (x{)ece(x,) — evaluation point of Oxf.
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An example
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The forest formula

An example

1 1
f(l, 1, ].) = f(O,O7 0) + / 8X1f(w1, 0, 0) dwy —|—/ 8X2 f(O, wo, 0) dw, +
0 0

1
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The forest formula

An example

1 1
f(l, 1, ].) = f(O,O7 0) + / 8X1f(w1, 0, 0) dwy —|—/ 8X2 f(O, wo, 0) dw, +
0 0

1
/ 0y, (0,0, ws) dW3Jr//ai,ng(wl,min{wl,W3},W3)
0

AT AN U
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The forest formula

An example
1 1
f(l,].,].) = f(0,0,0)—F/ 3X1f(W1,0,0) dW1—|-/ 8X2f(0,W2,0) dw, +

/ 0%, (0,0, ws dW3+// s T (W, min{wy, wa}, ws) +

// - f(min{wa, wz}, wa, w3)

SN S N
/o« X
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The forest formula

An example
1 1
f(l,].,].) = f(0,0,0)—F/ 3X1f(W1,0,0) dW1—|-/ 8X2f(0,W2,0) dw, +

/ 0%, (0,0, ws dW3+// s T (W, min{wy, wa}, ws) +

// o f (Min{wa, wa}, wo, ws) // o f (W1, wo, min{wi, wa}).
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Bosonic constructive field theory

The classical approach

® Aim: get some control on connected quantities via the derivation of
tractable formulas for the logarithm of the partition function (with
sources).

® Relies on:

® an ad hoc discretization of space,
® a partial perturbative expansion,
® the good power counting of the renormalised theory.

Tools: cluster and Mayer expansions
(which are both a clever application of the Taylor forest formula).

® But classical constructive techniques are unsuited to tensors.
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Loop Vertex Expansion

Motivations

LVE = main constructive tool for matrices and tensors

® Originally designed for random matrices. [Rivasseau 2007]
® |nitial goals:

1. Constructive ¢},
2. Simplify Bosonic constructive theory.

1. Classical constructive techniques unsuited to matrices/tensors.
They rely on:
® |ocality of the interaction,
® strong spatial decay of the propagator.
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Loop Vertex Expansion
Analyticity of the free energy of ¢g

1

Z0) = [ €2 du(o). dule) = et

Theorem

log Z is analytic in the cardioid domain {)\ €C: |\ < %cos?(Sarg )\)}.

J
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Loop Vertex Expansion
Analyticity of the free energy of ¢g

Theorem
log Z is analytic in the cardioid domain {)\ €C:|A < Jcos?(Farg )\)} J

Proof. LVE is done in 3 steps:
1. Intermediate field representation,
2. Replication of fields,
3. Forest formula.
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20 = [ &3 dute)
— /Re‘/(") du(o), V(o) = —1Llog(l—1w0V).
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Loop Vertex Expansion
Analyticity of the free energy of qbg

1. Intermediate field representation:

Z0\) = /R '@ du(0), V(o) = —Llog(1 — 10VN).

2. Replication of fields:

V=35 [ vier aun =5 [ (TTVien) dmeo)

n>0 n>0

Each “order” consists in the resummation
of infinitely many Feynman graphs.
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Loop Vertex Expansion
Analyticity of the free energy of ¢g

1. Intermediate field representation:

Z(0) = / ") du(o), V(o) = —Llog(1 — 10v/N).
R
2. Replication of fields:
=35 [Veorae) =55 [ (TTve) )
n=0 n>0
3. Forest formula:

2=5 5 % o [[ T 5

n>0 " FCK, LEE(F)

log Z = Z Z /dWT/ H

n>1" TCK, CeE(T)

V(ie))| d
doie) 5‘%(« H )] dher(@

V(0))| dpcrw (@)
80 g)an(g H U] 'uCT( )()
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Loop Vertex Expansion
Analyticity of the free energy of og

log Z = Z Z /dWT/ H Jor 80(?(@) H V(o } dperw)(F)

n>1"" TCK, CEE(T)

=5 Z A/2 Z /dWT/ 1 dl; U)\)d’} dpet(wy(7).

n>1 TCKx
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Loop Vertex Expansion
Analyticity of the free energy of cbg

ogz=Y" > [awr [[ T] 80 - n (a,-)} dcr ) (@)

n>1"" TCK, LeE(T)

>\/2 Z / / (di — 1) )

Z dWT d/,LCT( )(U).
2 n>1 TCK, (1 —w0iv/A A)d'}

Using ‘1 — mﬁ‘ > cos($ arg \), we get

n

11 |\l n—1
||ogz<2n§_:1n!<2cos2(1arg)\)> ZH(d"_l)!

] K, i=1
—1 COoSs alg A)

which is convergent for all A € C such that |A| < % cos?(3 arg ). O
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Tensors

Tensors
Why?
How?
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Random surfaces

® 2D quantum gravity and matrix models:
® Matrix models provide a theory of random discrete surfaces weighted
by a discretized Einstein-Hilbert action.
® Evidence for matrices being the right discretization of 2D quantum
gravity.

® In the last 10 years, much progress from probabilists:

® Random metric surfaces (e.g. Brownian map).
® Universal limit of large planar maps.
® Liouville quantum gravity sphere = Brownian map.
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Why tensor fields?

1. Generalize matrix models to higher dimensions

® w.r.t. their symmetry properties,
® provide a theory of random spaces.

2. Define a canonical way of summing over spaces

3. Implement a geometrogenesis scenario

® spacetime from scratch,
® background independent.
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Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.
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Invariant actions
Feynman graphs
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Invariant actions
Feynman graphs

® Action of a tensor model

S(T,T)=T-T+> gsTrs[T, T,
BeTJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs

/. ./// ~
N ~ N~ —7\
= =7
c [ [
i | i | \
[ e o
o| | ] \' 7
u \ \ | )
\ o \ / \ /
o o \//// -
S~ N _ ~— —
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Invariant actions
Feynman graphs

® Action of a tensor model

S(Tv?) =T 7—’— ZgBTI’B[T,T],
BeTJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs = stranded graphs
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Invariant actions
Feynman graphs

® Action of a tensor model

S(Ta?) =T 7—’— ZgBTrB[T77]>
BeJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs = D-Triang. spaces

edge gluing

2
V' ol
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Random geometry

Tensor models provide random spaces. But which ones?
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Random geometry

Tensor models provide random spaces. But which ones?

® et us consider a sequence of random (D + 1)-coloured graphs, e.g.
(Q(HN)),,;O where Q;N) is a random quartic melonic graph of order n
such that for any fixed quartic melonic graph G,

P[Q, = G] o NP~ mm*(©),

® The large N limit (a.k.a. N — c0): only Gurau degree 0 graphs
survive and, if properly renormalised, as n — oo, |QI| —
continuous random tree (for any D > 3). [Gurau & Ryan, 2013]

® The uniform case (a.k.a. N = 1): a.a.s., the distance between two
random points of |QM)] is 2. [Carrance, 2018]

e 1 < N < oo: hard, no result!
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Constructive Tensors

Constructive Tensors
Presentation and main result
Structure of a proof
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The T field theory

The hardest theory we can handle (joint work with V. Rivasseau)

® Tensor fields:

T:7* - C, Tw, Ts with n,n € Z*.
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The T, field theory

The hardest theory we can handle (joint work with V. Rivasseau)

® Tensor fields:
T:2* > C, Ta, Tw with n, 7 € Z*.
® Free action:

== dT,dT+ B _ T,cT
d.uC(Ta T) = (HQITFH> det(C 1) e Zn,nT T ,

n,n

(e )
SJmax /nn 2 . 2 2 2 5
Com = R Onm 0G0,

lgjmax = 1n2+1<M2jmax 6,«,75.
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The T} field theory

The hardest theory we can handle (joint work with V. Rivasseau)

® Tensor fields:
T:7* - C, Tw, Ts with n,n € Z*.

® Free action:

: o241
® |nteractions: -
V(T T)=4£> V(T T), VT, T)=
c=1 P
-

22/35
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The T} field theory

The hardest theory we can handle (joint work with V. Rivasseau)

® Tensor fields:
T:7* - C, Tw, Ts with n,n € Z*.

® Free action:

(1<' )nﬁ
Cosi = Onii —om/™ p? = n + n3 + n3 + nj.

’ o+l
® |nteractions: -
V(TaT): %ZVC(TaT), Vc(TaT):
c=1 B
5

® Formal partition function:

Zo(g) = / e EE VT g (T, 7).
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The T field theory

Perturbative renormalisation

Proposition

T4 is renormalisable to all orders of perturbation.
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The T, field theory

Perturbative renormalisation

Proposition

T4 is renormalisable to all orders of perturbation.

® Power counting similar to the one of ¢3.
® 2 divergent 2-point graphs: M§, M$
® 7 divergent melonic vacuum graphs
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The T, field theory

Perturbative renormalisation

25/35

Proposition

T4 is renormalisable to all orders of perturbation.

® Power counting similar to the one of ¢3.

® 2 divergent 2-point graphs: M§, M$

® 3 divergent non melonic vacuum graphs:

)

My

7 divergent melonic vacuum graphs: V;,i=1,2,...,7

LI

N3

) 1D



The T, field theory

Analyticity

® Renormalised partition function:

_ — _ 6]
ijax(g) :N/e_%zc VC(T7T)+T.T(EGEM( éi; 66) dNC(T77)7

M= {M{, M5, c=1,2,3,4},
log N = (finite) sum of the counterterms of the divergent

vacuum connected graphs.
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The T, field theory

Analyticity

® Renormalised partition function:

_ — _ 6]
ijax(g) :N/e_%zc VC(T7T)+T.T(ZGEM( éi; 66) dNC(T77)7

M: {ME’M§7 C:17273’4}7
log N = (finite) sum of the counterterms of the divergent

vacuum connected graphs.

Theorem (Rivasseau, V.-T. 2017)

There exists p > 0 such that lim;,__, log Z;  (g) is analytic in the
cardioid domain defined by |arg g| < m and |g| < pcos?( argg).
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The general strategy

0. Renormalised partition function:

_s =TT glel o
ijax(g):N/e §) . V(T4 T(ZGEM S 55) duc(T,T).
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The general strategy

0. Renormalised partition function:

_g - T (—g)!€l -
ijax(g):N/e §) . V(T4 T(ZGEM S 65) duc(T,T).

1. Intermediate field representation: oc € Hermppima, ¢ =1,2,3.4

ijax (g) = Neét / e_ i IOE(H _Z)_,L)\ ZC 5; Treoe dV]I(&)

)\:gl/Z
¥ = 1ACY25CL/2
0=01 bR LR+ R RIz3RI4+---
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The general strategy

0. Renormalised partition function:

_g - T (—g)!€l -
ijax(g):N/e §) . V(T4 T(ZGEM S 65) duc(T,T).

1. Intermediate field representation: oc € Herm jimax
Z,..(g) = Ne / e Trlosll=2)=A DS 5, Treoe gy, (7).

2. Renormalised action:

ijax(g) _ /efTrIog3(]I7U)7Tr(D1):2)7>‘—22:;»Qt7: dl/][(a")

U=X+Di+ D
Dy = —X*CY?AL, CV2, Dy =X'CV2AY,,C/2

U?
logs(I—U) = log(I-U)+ U + -
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The general strategy

3. Multiscale decomposition:

(1$J)nﬁ
n?+1

(lgj = 6IL77

Mo
Vej = Trlogs[l —Ug] + Tr[D1, ;T3] + 57 Qg7

v Jmax
Vi = Z(Vsj —Vg) =)V
=1

Wj(o)x;
Zjnoe( /He Y din(d / R dvi(a)du(X, x)

W;=e" Vi1
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The general strategy

0. Renormalised partition function:

_s =TT glel o
ijax(g):N/e §) . V(T4 T(ZGEM S 55) duc(T,T).

1. Intermediate field representation: oc € Herm
Z,..(g) = Ne™ / e el =) =A D 0 Treoe gy (7).

2. Renormalised action:
Z, (g) = /efTrIog3(]l7U)7Tr(D1):2)7>‘—22:t7»Q;: du(3).

3. Multiscale decomposition:

Z.(g) = / e 2NN g (3)du(R, )
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The general strategy

4. Multiscale Loop Vertex Expansion: [Gurau, Rivasseau 2014]

® 2 forest formulas on top of each other (2-jungle formula)
® First, a Bosonic forest then a Fermionic one
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The general strategy

4. Multiscale Loop Vertex Expansion: [Gurau, Rivasseau 2014]

® 2 forest formulas on top of each other (2-jungle formula)
® First, a Bosonic forest then a Fermionic one

Jmax Jmax

0852, => - 3 > >
n=1 "

J tree ji=1 Jn=1

/dw;,/dyj dy D;[ g(—xf%(ﬁa)xf)}

® w; = weakening parameters wy, £ € E(J)
® 17 = interpolated Gaussian Bosonic and Fermionic measures
® Oy = derivatives with respect to the o-, x- and X-fields
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The general strategy

4. Multiscale Loop Vertex Expansion:

® 2 forest formulas on top of each other
® First, a Bosonic forest then a Fermionic one

[Gurau, Rivasseau 2014]
(2-jungle formula)

Jmax

log Z, . (g an Z Z Jmi/dwj/dyjaj HH XJa W;,(7°) XJ.;)}

=1 J tree j1=1 Jn—l

B aeB
LS S [ TT(TL - )
=1 J tree ji=1 Jn=1 aal;ebB
/8BHW %) dug = Z/ e v )AG( ) dus(5)
aeB

aeB

® Graphs G are plane forests.
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The general strategy

Bosonic bounds

/B_Z/ [T ) Ac(@) ds(3)

aeB

Is] < /Hezw \dyB)/ Z(/]AG(E)|2 dzzg)l

IZ’;, perturbative

/2

137, non-perturbative
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The general strategy

Bosonic bounds

] < ( /H %) d i Z(/yAG(a—)f dug)l/2
—_—

aeB G

. 12, perturbative
NP, non-perturbative 5 P

5. Non-perturbative bound

“where we use an old idea of Glimm and Jaffe"

Theorem

For p small enough and for any value of the w interpolating parameters,

/H %) gy < 0(1)8,

aeB
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The general strategy

Bosonic bounds

s < /Hezw ) dug /22(/1/\@(3»2@8)”2
G | S ——

aeB

. 12, perturbative
NP, non-perturbative 5 P

6. Perturbative bound
“where we heavily rely on the fact that trees in the o-representation

correspond to stranded graphs with all their faces”

Theorem
Let B be a Bosonic block. Then there exists K € R* such that

_ 37/2 o _ i
I5(6) < KIBIT2((1B] = 1))@ T] M55,

aeB
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The general strategy
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Renormalised partition function
Intermediate field representation
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The general strategy

Renormalised partition function
Intermediate field representation
Renormalised action

Multiscale decomposition
Multiscale Loop Vertex Expansion
Non-perturbative Bosonic bound

Perturbative Bosonic bound

No ok b= o

Put everything together and cross your fingers. .. g
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Conclusion and perspectives

® Tensor field theory provides a combinatorial theory of random
D-spaces.

® In the last 10T years, a lot of results with tensors:
%—expansion, perturbative and constructive renormalisation, continuum
limit of the dominant triangulations, double scaling limit, uniform random
complexes etc.

® Regarding T/, one could also prove Borel summability and
analyticity of the connected correlation functions.
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Conclusion and perspectives
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Tensor field theory provides a combinatorial theory of random
D-spaces.

In the last 10T years, a lot of results with tensors:

%—expansion, perturbative and constructive renormalisation, continuum
limit of the dominant triangulations, double scaling limit, uniform random

complexes etc.

Regarding T, one could also prove Borel summability and
analyticity of the connected correlation functions.

T¢ (just renormalisable, asymptotically free)
New Loop Vertex Representation [Rivasseau 2017]
Simplify Bosonic constructive theory?



Thank you for your attention



Non-perturbative bounds

Theorem

For p small enough and for any value of the w interpolating parameters,

P — / TT 1% dvs < 0(1)/Ble0r* 151,
aeB

Proof.
1. Expand each node:

Pa AV 1 +1
2V, (2[V.]) L IV3LDPT oy
e| Ja|:ZT+ ; dtja(l_tja)p Te t Ja"
k=0
2. Crude non-perturbative bound: (Quadratic bound)
/H &4V, ()] dug < KIBleK'PM
aeB

3. Power counting (via quartic bound) beats both combinatorics and

the crude non-perturbative bound. (]
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Perturbative bound

Theorem
Let B be a Bosonic block. Then there exists K € RY such that

12(G) = /\Ac(a)y2 dvs < KIB1 (1B = 1)1)72p© [ M~ e

aeB

® Ag(7) depends on o (essentially) through resolvents.

® If not for resolvents, Ag would be the amplitude of a convergent
graph.

® Remove resolvents with iterated Cauchy-Schwarz estimates.
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