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In classical probability , if ✗ and 4 are independent random variables
then

E- ( Xmyn / = EIXMJELY
"

) , it min ≥ 0 .

Algebraically, independence is a
"

recipe
" to compute mixed moments

.

Def
.
A non-commutative probability_space is a pair 1A, e) where

A is a complex unital algebra and e : 1-→ e is a linear functional
such that ELIA/ = 1 .

Example i, Let [
•

: = (
•

( r,1P) be the algebra of complex random
variables on a probability space lr.fi IP) with finite moments of all
orders

, and E- = jndlp .
Then (LTE) is a non - comm

. prob .
'

space . e

ii) Mace / algebra of dxd complex matrices and Tr : Ma (E) → ¢ trace .

Then (Male) , Tr) is a non - comm . prob . space .

Elements at -1 are called random variables , and Ela) is called the moment of a
.

It can be shown that there are only five notions of non-comm . independence .

Def
.

Let (A.e) be a non-commutative probability space , and A
, , . . . ,ANCA

subalgebra . Take any elements a ; c- Ai
; ,

for / ≤ j ≤ n , where

i
, , . .

.

, in c- { 1 , . . ,N } are such that i
, =/ iz , iz # is , . . .

, in- , ≠ in .

N
it Assume that every Ai is unital . We say that {Ai }

,
-

= ,
are freely

independent if ela,
. . _ an / = 0 when Ula;) = 0 , it lej ≤ n .

iil We say
that { Ai } ;É , are t.3-eani-dependent-ir-elain.am )=e(a, ) . . _ elan )

.

iii) we say that {Ai }
,
!
,
are monoteindependent if

ela
,
. . - an) = ecae) eca ,

' - - at,ae≠i -
• an)

if it ,< it and ie > ien .

Example Take A
, , Azct free unital subalgebra s , and AEA

, ,
be -12

.

We compute elab) . Since a- ECAIIAEA, , b- etb It c- Az ,
and

e ( a - Ela/ 1A ) = 0 = Llb - ecb/ It ) , we have

0=4 ( ( a- eca/ It)Lb - ecbl# = ecab) - elate (b) - etblelatecalecb)e(It)

= ecab) - e (a)e(b)

Thus ecab ) = eca)e(b)
.



For each of the above notions of independence , it is possible to construct a

theory of non-commutative probability : convolutions
, central limit theorems

, Lévy processes .

In particular , we have non- Comm .
notions of cumu /ants

.

Def
.

A partition of [n ] := { 1 , .
. . ,n } is a collection of subsets of [n] that

are non-empty , pairwise disjoint , and whose union is [n ] .

A recrossing _ partition of Cn] is a partition it such that there are

no elements acbccad and different blocks V
,
W c- IT such that

a. CEV and bid c- W
.

1*1%0%9 ☒ I 171171
I 2 3 4 5 6 1 23 4 5 6 I 2 3 4 5 6

• Crossing partition Non-crossing partition Interval partition
D= { 11,4} , { 213,5 } , { 6} } { { 1,53 , { 2,43, 133

,
{63} { { 1,27 , { 3,415 } , { 6 }} .

An i_ partition of [n] is a non - crossing partition whose blocks are interval .

NC (n) is the set of non- crossing partitions on [n ]
.

Int (n) is the set of interval partitions on in]
.

• NC (n) is a
_poset : IT ≤ 0 in Nccu) if the blocks of

IT are contained in the blocks of 0 .

In ={{ 1
, . . . ,n } } is the maximal element

,
On := { {13,42}, . . . , {n }} is minimal .

• Every HENCH is a poset: For VIW c- IT
, we say V ≤ W if

W is nested in V. The forest of nesting of IT is a forest

of planar rooted trees that encodes the poset structure of it
.

-11=1*1717
,
tht)= •%q ↓

•

•

• For any
tree t such that is the grafting of the subtrees s

, , . . . , Sm,
>

we define the tree factorial by

t ! =/1- Is
, ! - - . sm ! ,

with • ! = 1
,

and • is the

single - vertex tree .

If f-- ti ' . _ tn is a forest
, then f ! -- ta ! ' ' ' tn !

Combinatorial definition of cumu /ants
.

Def
. Let 1A, e) be a ncps .

ij The freecumulants form the family of multilinear functionals

{ kn :Aⁿ→ £}
, ≥ ,

recursively defined by

e. Car . - an)= -2 IT kw , Ian . an /V)
ITENCCN) VEIT



where if V= { I , < iza . . - < is } then we write

Kiu , lai , . . .

/ an / V/ = Ks (ai
, , air , . . .

/ ais) .

In general , for a family
{ Fn :An→6}n≥ , and ITENCCNI, we write Ayla , , . an / = ITFCA , , . . ;an / V/ a

✓ c- IT /V1

Ii) The B-team form the family of multilinear functionals

{ bn :Aⁿ→ £}
, ≥ ,

recursively defined by

Ela, . . _ an ) = I bitca , , . . ./ an ) .
D- c- Intcn)

i;D The monotonous form the family of multilinear functionals

{ hn :A^→ £}
, ≥ ,

recursively defined by

Ela, . . _ an ) = I
ITENCCN,
t! h1T(air . . ./ an ) .

• Since Nccn) and Intln) are poets, by Mobius inversion we can write

Knla, i . . ./ an ) = I MéblM1n) Kala, , . . , an)
ITENCCN)

bnlaii . . -can / = I ← 1)
'" ' -1

Lyla, , . . ./ Un ) /
IT c- Intcn

In ≥ / , air . an c-A
,

where en la, , . .. _ an) : =L (ai '
' ' an) .

However, Mobius inversion cannot be applied to the monotone case
.

Question : Describe the coefficients { ✗City}
,,-eµ≥µcn,

such that

hnlai , . . . / un ) = I ✗ (A) Kalai , . . ., an )
ITENCIN)

In ≥ 1 and a , , . . , an EA .

Idea : Hopf- algebraic approach for non-commutative probability .

Double tensor unshuffle bialgebna
( Ebrahimi - Fard and Patras ) . Let 1A, e) be a ncps . Define

1-
+ (A) = ② A④^

,
1- ( TICA)) = ⊕ 1-

+
(A)

⊕"

n ≥1 n :O

1-(1-+11-1) is a Hopf algebra, with concatenation as product . Tensors in

the double tensor algebra are denoted by bars :

w
, / wzl . . . / wk c- F- (A)

④ ""

if w , , wr.tt/-(A) .



(◦product is given as follows : if w=q . - - an
c- A⊕^c # IA)

,
then

Dla
,
. . - an ) = I as ⊕ as

,
/ ^ . . / as

,
s ≤ [n]

where if 5- { i
,
< - - - < it} then as -_ ai

,

. . _ air , and Ji , . ., Jr are
the connected components of [n]\S .

The main property of D is that it can be split into D= D<+ D > by

<
la

,
. . . an/ = I as ④ as, / ' ' ' lair

, Cai ..am/=IasX0a,-,l'--la,-r1c-sECn] 1¢ SEEN]

Now
,
For fig c- Lin (1-11-+11-1) , E) ,

we define

f- * g = Meo ( f④g) ° A convolution product , associative

f- < g = me ◦ (f④g / ° ☐ < } non - associative products
Fsg = me ° If④g) o D

>

( Lin (1-11-+11-1), E , < , >) is a unital shuffle algebra.

• G- group of characters on 1- (1-+11-1)
g lie algebra of infinitesimal characters on TCT,_ LAD .

By general theory, the map exp
"

:g→G given by exp
" 1×1=-2 ÷, ✗

*^

n ≥o

is a bijection .
Moreover

, E< (a) = -2 ×
"

,
in = ✗ < &

" "

,
a'
◦

= e

H2O eounit

and E
> (✗1=-2 &

> ^

,
×
"
=

"'

> ✗
,
are both bisections g→ 6

.

n ≥0

Link with non-commutative probability

let 1A/ e) be a ncps , and consider Tltt /A)) . Define a character

F- : T (1-+11-1) → ¢ by F- ( w ) = Uai - ' an) if w=a
,
. . - an c- A

^

a

Thm (F- F. P ) . The infinitesimal characters Kip,p e- g such that

(1) Io = Eclk)=E> 43/ = exp
"
(p) satisfy that

tlw) = knla , , . .
.

,
an ) , 131W)=bn lair . . , an) / Jcw) -_ hn Ian . an)

for any w=a ,
. . _ an c- A ^

.

Indeed
,
when we evaluate (1) on a word w=a

,
. _ • an c- A

^

, we obtain the
moment - cumulant relations

. A first approach to solve the question is evaluate

p = dog
" F-

,
but it is not clear

.



A Hopf algebra of Schroder trees

Def A schriider-tree.is a planar rooted tree such that each of its internal
vertices has at least two children .

Example Schroder trees with three leaves °% ¥7 ¥77

Denote Sten):= {t : t Schroder tree with nth leaves }
,

sT= U Sten)
n ≥0

Consider the non-commutative polynomial algebra Hs := Gct : test> / ( o - 1)

Hs is also a coalgebra , with co product given by a non-commutative version

of the Cannes - kreimar coproduct , and where only internal vertices are considered
.

%! ④ ◦ + ◦ ④ A + 1) ④ g. + 0%01×0%+1101111Example
g. (1%11)=1161 AN o/\o

Hs is a connected graded Hopf algebra, with deglt)=n if ttstcn)
.

Decorated version .
For a vector space A , let Hs (A) := ⊕ ( Hsin / ☒ A☒n ) .

n ≥o

An element 1- ☒ w is identified with a Schroder tree whose sectors between leaves

are labelled, for instance

Hs (A) is a connected
④ai . .at→ ✗\ graded Hopf algebra ,

a , a, as ""

45

Proposition (Josvat - Verge's et al ) IF i : TLIIA)) → Hs (A) is the algebra
morphism given by

i. ( ai . .am/--Itx0ai..antESTln
)

then i is a coalgebra (and un shuffle bialgebna) morphism .

Returning to non-commutative probability
Given a ncps (A. e) , construct the character É : Hs (A)→ 1C by

Éltxa, . . .an ) = {
ela

'
' ' ' an ) if t is a corolla with n+1 leaves

0 otherwise
,

• It is clear that F- = Éoi
.

Now consider the infinitesimal character § : Hs (A)→ E s.t. É = exp
"

(J).

Proposition IF p=J◦i , then F- = exp
"

(p) i i.e.
p is associated to monotone

cunulants .



Idea . Compute I = log
"

(E) = It,"ÉF
"

,
with Éo= I - we ,

K≥ '
(◦unit on Hs (A).

• By Prop . plai.hn/--IpltxOai...an).tc-STln)

Also
* " ["]

~ ④Ko g
["]

,
with g

'"]
Ltxa

,
. . .am)=[ fix . . - ☒ At

◦

= me ◦ F-
◦

certain iterated
admissible cuts

The definition of É
. allows us to identify

the terms in 80+3
,
that will produce a non - zero contribution .

Proposition É?
"

ltxai ' ' an / = Wy, (
stilt) hence, la, , :-/ an) ,

Va
, ,

.

, an
c- A

,
TESTED,

where :

stilt) is the subtree of t generated by its internal vertices;

wk lsklt) is the number of surjective order- preserving functions f. sklt) → [K] ;
it Itt is the non - crossing partition defined by the rule

*
% > •

"
'→ 111*-771*1

I
56 1 7 3 4 56 7 8 4 10 " 12 13

"01112
ISKHII

IF wlsklt) / = I 1-1) "
+ '

* = , #
WHISKED as in Frideric's talk

, we obtain

§ ltxoa, . . > an ) = wlsklt)) exit, Ian . :/ an ) .

Hence Pla, - . - an ) = I wlsklt)) 4#it, la, , . . ,4n)
,
V9 , . . _, an c- A.

testcn)

Grouping terms : hn la, , . . , an ) = [ ✗ GT) lit 14, , . . . / an / ,
ITENCCN)

where ✗ CIT) = [ wlsklt))
, tf it c- NC (n) .

EESTCN)
11-11-1 = 'T ☒


