Adrian Lele«s‘Hnov NTNV, Trond heim adiian. teleshno @toune
Ityi\ cluss;‘cuﬂ Probu bi‘b"*yl ,"l X and ‘4 are )/\JepenJen{- rqndonu var;aue.S
en
E(x"y")= EX")ELYY ., ¥ mnz0,
Algebmica“y/ ints\e))emc‘ema is a ‘recJPe" 4o compu(-e mixed moments
Def. A rnon-commytutive probabi lidy spate is o pair (A, o) whese

is o  complex  onitel algebre T and e AT is o« lnewr Facbonal
sudh 4hat  €lL4) = A .

Example 3)  Lek C%: = LTCa,P) be +he a‘gcbm of wmples random
voriables on 0 rokab)b‘#’ space  Ca,F IP) with Pfhaile r_nomen‘}.s ol all
orders, and E = jA’ aP . Then "U®, €) s u nn-comm. PM'D' spate.

ioomyLe) ulgebm\ of dad c.omplex mutrices  and  Tr: My C€J - € AHroce.
Then (m, (C), '::TT‘) s a  non-comm. prob, space .

Elements ac A o cwlled randwm varlables p and ela) Is colled the moment o a.
Tt wn be shoun Hut Hhere are bn'y five nohans of non-comm. }nJe’mece.

Dep, L&b (/jc, ‘4} bg o~ nmvmmpu{‘u‘Hva pr‘obalsi(ht’/ Jpace / unJ AV'"/AN c A
sbalgebras.  Toke any elemeats o e A;. b lejen, where
"|/"‘/ ;n (= {l/ -y N} are SIICh {hﬂ-‘l- ;Ifil': "'Lt}SI ceey /ln_' ¢ )I”,

1) Assume Fhot every A; s vkl We sy Hal i/l-i};’:, are f'fee'y
Mcyendené " % (a,--a,)=0 when ‘(Lﬁj):o, ¥V oleyea .

i) We say that iA;};N__, are '}o'oleur\ inJeyenaleA‘ Wk ela,-a, )= elg) - ela, ),
) We sy thet {A[3Y are  monotore independent if

———

o, cay) = ela,)ela, a, a,  a,)
Wk Lfte anol il.’ Cpmr o

Example  Toke A, 4, ¢ A fre wikl sbolgebres, ond  aed,, be A, ,

We cnm,o{'e e(ab). Sine a—ve(o/j_A e,A,/ b-eWiy ¢ A, , and
e (a- ela)L,) = 0= X(b-ew)ry ), have

0-="¢( (q-eco/u)u-uyu)j: e(ab) - elog)jeld) - eWels) + elo)vly) el )
= elab) - 2l elh)
Thus lub) = €la) L) |



For eoch of +the dbove notions of }ndependen(e, 1+ s ?osS/'.“e b  onstvet  a
{hwn/ of  non-commutabive p/'obabi))é] v convolubions, central lmH Hleorem_s, LévV processes,

In Purﬁwlar’ we have non-cemm. aotions  oF wmlants |

Def . A PﬂrH“On of  [nd'= 4,.,0% s & collechan of sibsets of ) Hhat

Gre  non-cmpty ,  pairwise dls)'o,'nl-, and  Whose  umlon s tn).

A non- CrDSSllllj_ pa 'Ha_r; oF (n) is pal"#‘on m such 'H'm" ‘H\ere are
o elements acbeceed and  dHereat  blocks VWer wch Fhat
a,ceV and b deW,

(,I‘OSS’I‘&
< | || M|
) 224y s b {1suw s 6 P13 owos ¢

Crossh_g PQV‘H'HO’\ Ntm—(ros-ﬂ'a’ Par’#)’on Tidewal rarHHon
m= fnay, 12,35, u,z.} f40,53, 12,43, 133, 163} i funy, 13,4,5), 638 .

Ayl M_Pgd:;ﬁm_ of n) s o r\m-cross)'ng Pw)s‘ﬁan whose blocks are intervad .

N C (n) is the set of non-crossing  parbtions on L,
Tt (n) s the set of irteval y«r“H‘l'fonS on ],

o NCy s a_yose+ : T 2 @ n NC(n) {f +he blocks of
™ are codvined ' m  the blocks oF ¢,

1, :1{ l,.A.,nS} Is He marimul element, 0,:= {(l’;, “3,. (,,)} s mumeal.

L4 EV&‘y meNly s g Poseé: For V/Wem, we Say VeWw W+
W LS _@e«é ;r\ V . Tl'\e ‘l\'ores{' OF rlcS‘Hay nf- m 'S a ‘FD/e.S‘é
ol P,fmor rooted trees Hhel encodes  Fhe poset strvcbvre  of T,

o= [nlm )= /} l

® For an tree + such »HMA- Is the %M’H’)ng of Fhe subtrees Sy, Sm/
we define the tree Factorial by

tl =€) sl s, L itk ol =2, wd - 05 the
single - vertex  dree.

I—P— ‘P‘—‘t.' “tn S « %rcs", +hen ‘f-‘.:‘f.!~-~ tn',
Combinatora)  definition  ofF cumolands.
Def Lt (A€) be « neps.

i) The Free  wmolunts  Form He Fumi ly of  muMibrear Fmctiomls
i Kp . A"— 4—3,,2, l‘ewrsiudy dePined b/
ECC\V"an): Z ﬂ_ K'V‘ (c‘ll"‘/ Qn'V)

TenC) VeT



where |F V= ‘ l‘, 4)7_ ""‘;53 ‘H\m we write
KWI (q""'/ fn IV} = k-s (a‘.'/ a"u tr/ a"s . I" ﬂuefal/ ‘FW o ‘Fum/l/
{8:A"> €3, and TeNa), we wite R (a,.,0,)= vﬂ_ﬁfna"”’“"“//‘
€T

i) The Bodean _camvlunts  fom He Pumi’y of  mbilnesr Finctionls
{bn'- Ar—s 6_3“’ recursive ly defined by

tla, - a,) = > b‘)‘)‘(q,,.‘./ a,) -
Ve Tak(n)

) The  moncfore _cwmolunts Fom  He Fumi’y of  mvMilnear Finctionls

{h” . A 4_3" recorsively dePined by
21 \

CL(a, ---a = E —_ '11,—(&,,..., ay\) .
va) Jency T

* Sine Ny qnd  Tatly) are  posets, !o\/ Misbivs Jnversion  we can  write

Kolowwvay) = 2 Mblm o) %5 (., a,)
TeNn)
mi-i

b,\[-“uw/ ﬂn)'- ﬁeh,y L") ‘eﬂ(“h“yan) ’
Vazl, a,.,0,¢A,  whee € (a,. .,a,) "= Cla a).
However,  Msbis imersm  cannot be "PP““’ 40 the monotone  cuse.
Question :  Deseribe  4he coeFhcents i K(ﬂ‘)j Te Yncos sweh ot

h,\ (lh,.../ qn) = Z alm) ‘Qﬂ(b\,, ey q,,)
meNCUany

Vnzl and a,.,q,€cA.

Tdeai  Hopb-elgebraic approach for  mn-commutubive  probabilidy.

Dovble  tensor  unshyFhle  bialgebro
(Ebmhimi - Furd  and Pedras ). let (A4, ¢) be a neps.  Define
T (A): @ A" T(Tw) =& 1,1

N4 no

T(T,(A)/ is wu  Hopf qlge),,\a/ with  conatencton  as Pmducl-. Tensors  n
the doHe tenor algebm awe detoted by bors,

®k .
walw'bl"‘ ,Wﬁé 7:('4) B Wy, ., WKGT,.(/U.



COP'oduc‘l Is 9)'uen us fo”'owsz ' F w= q,-“a,'eA(an-?:(A)/ -Hne,.
Dla ay)=z 2= &g® ap|.. ay
Sc_c,l] (] r

where s S= £"|‘ ‘;/LB ‘H\M O, =~ a; .. a

h

) a'd T‘I‘“/ T/ ore
Jhe connected (omPonerrb of A\ S . o

The maln poperty oF D s thet & an ke splid  into A- p.+ 4,

(a, --a :z aswa,"”“‘r (ﬂ,'-',, - 2 a®aon { Q
A( | n) Les<h] 7 Ir A> a,) LﬁSSCn]s 7 l Tr

by

No“’/ P"f ‘p/ 9 € Lin (T(T.,,(A.)), f_) p we (l,bmn&

Fxg9 = mee (Foog)e A
f29=mge (Fwg)> D,
F>9:= mnee (Fog)e q,

([ (Tawn, ¢, <,5) s a

W

G ooup o chamcters on (T, (/L)/
g lie a'ge'ﬂ’a o inPwtesmal  characters on T (73 (AY .

) X
B, 9mcml ‘Huaoy/ He mey aﬂpx"ﬂ’—’ G guen b, "”f‘ (x) = nz,o ’AT X
s a L‘Qe;h’on. MOﬂeoVM‘, Q‘ (x)~ z u"l p o(‘n E '3 DL"N/ a’= e
hzo comib
and ¢slx): 2 0\)"/ U 7 s a , ore beth  bjechons 94— .
nzos

Lk (At) be a ngs, ad consder TUTr (A)) . Debre u  characker
T Ta )= e by Elw: @ a) b wea -ae A",
Thin (EF, P).  The jubnitesmel  charackers KB p ey such that
L B - k)= 808 = ep lp) satisfy  Hhet
Klw)= Kela,,.., an) Blw)= b, la,., an), Jwl = h, (a, . an)
bor any  w:ua,-a, € A%
Tndeed, when we evabale (4) on u word w-q -an e A% W obhla  Hhe

moment - wmolunt  pelatians. A Pist opproach o sdve  the  guestion
p Jogti , bt 4 s pot dear.

is evalvate



A Hoyp- ulaebm\ op &hr&de/ ‘f:fee.s

D&P A Sc'\réiu‘ tree 's a thar f‘oo{ﬂd tree svch lei‘ cach  of its ,‘M:uaal
verHees has  abt  least +we  chi'ldren.

Example Schrsdesr Jrees with Hree leaves /\\" ,/<\ O\

Dencle ST(n)= {€: £ Shider ee  with il Jeaves if 3T= L ST)

n20
Cosider Hhe ron-commvbubre polpnomial alyebre  Hg = € LE: tesT>) (e-1)
H,_S s olso 5 conlgebra, with cofr‘oduck iven by a  non-tommutetie  version
oF the  Comnes - kreimer ca,)/oc/uc'l‘ , ond  where only intemal verties are considered.

LN Ao fea Donerena

He s & connected qnac’ca’ Hepf alyebra,  with Jealf) =n F  teSTW.
For o vekor spaie A, leb H(A)= & (o) ® A™)

nzo
P element 2w is idehiFied with & Shesder tree  whose  sectors
are  labelled | for nstunie

Kﬁ ®a, -y —>

between leaves

H (A) is o« connected
gmded HDPP' a’gebra

Profw{—mn (Tosvet- Verges ek o) TP (:TUT,(A4) = Hg(A s +he

rphi sm lven b
i ¢ v ¢ (“»""'/\) = z t®a, -a,
€€ sT(n)

then + s @ toal gebrea Land  unshvfPle b)'q)ael,m.,) morp}h'sm,

nlgclw.

Rd:wn‘mg to  non- commvtative PﬁoLcJ»' b'{-/

biven nys (A, e) ,  constvit  the  chara cher ;:: Hs (W — € by

N el - a,) W £ is a crolla with n+) leaves
Iu-’@“v'““n) %. "
0 otherwise

Tt s dear Mot 3T - }E°L.

(1

Now  consider Hhe jaPnitesimal  chorocter y: (A= 6 ok 7 - exy' (p).

Proyos;‘Hon IF P N fo L p M“ E = QP’ (?) ( e - P is aswu'u*fd ‘)'D m‘tz"is'



Y A% L -~
. % 1:K y with 2.= T- ¢,
By Pop.  plaan): PlEoa, a,) -

+e STin)

Lompu{e § = /‘ogx ( i) z

= Xk ~ ®x K]
Pso 20 = ME:]" In < § with S“]U:th,- <q")>z fo @pk
. ! cedain  heeded
The defiaibon o T, ohows v +o Nm-‘:i‘:y odminible whs
the Jems in  §09 ,  that will pﬂodute & pon-2e contpbibion.

L XK
n“\oposi-l:‘.on 1, Woa a,)= Wy (sk) Y’ﬂ(t—) (o, 0n)
where:
sklt) s e subbree of ¢ gemcrated by ik inkead)  verties;
wylsktt) is  He number of suijeckie  ordec-preseeving  fnchons £ sk) = Tk) |

Voa,,a,cA, tesTW),

/

m &) is  the non-crossing  purtibon  defined by He nle
3982 9 . ) r'lj—j._l r—:l
{\M /' 1) '15’? 1 8 ‘(!":I‘ll X3
\shio) Y l"l, .
I wlskit)) = KZ’ L ) Wy sk l&)) as 'n Frédérics  +alk, we  obain

J‘; ({—oql.,.a") - wisk li‘)) \cﬂ“) (4)/"'/ an) -

Hente J)(.a."'an) = Z wlsk ) ‘(Tﬂé) (4,,“-,4,,) , Vo, ., aq, e A
£eST(n)
Grovping  Feems : h, la,, ., a, ) = 2 am) Lyla,. .., a,),
Tre M)
where X(m) — 2 w (sk () / V¥ meNC@) .
te sT(n)
) =T n




